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Abstract
Starting with the first-order singular Lagrangian, the canonical structures
of the noncommutative quantum system on a submanifold embedded in the
higher-dimensional Euclidean space are investigated with the projection op-
erator method (POM) and the Dirac-bracket formulation in the case of the
derivative-type constraint. Using the successive projection procedure and the
iterativity of the Dirac bracket, the noncommutative quantum system is con-
structed in the form including all orders of the noncommutativity-parameters.
When the noncommutative quantum system is constrained to a curved space,
the commutator algebra of the system is presented within the 1st-order ap-
proximation with respect to h¯ and the noncommutativity-parameters.
1 Introduction
The problem of the quantization of a dynamical system constrained to a sub-
manifold embedded in the higher-dimensional Euclidean space has been extensively
investigated as one of the quantum theories on a curved space until now[1, 2, 3, 4, 5].
In order to avoid the unnecessary troublesomeness, the submanifold MN−1 specified
by G(x) = 0 (G(x) ∈ C∞) in an N -dimensional Euclidean space RN has been con-
sidered in many studies, where x = (x1, · · · , xi, · · · , xN ) ∈ RN .
For the dynamical system constrained to MN−1, there have been studied the
two kinds of constraint conditons, one of which is the static constraint, G(x) = 0,
and the others, the dynamical one, G˙(x) = 0[2]. Then, it has been shown that
the static constraint yields the noncommutativity among the canonically conjugate
operators[1, 6], and the dynamical one conserves the canonically conjugate commu-
tation relations on the flat space[2, 4, 5, 6]. Therefore, it is extremely interesting to
extend the quantum mechanics on a curved space to the noncommutative quantum
mechanics[7].
Following our previous works[2, 8], in this paper, we shall investigate the noncom-
mutative quantum system on a curved space in the framework of the operatorial
quantization formalism for constrained systems[9].
Starting with the Faddeev-Jackiw type[10] first order singular Lagrangian con-
taining the term associated to the dynamical constraint, we shall construct the
canonical structure of the noncommutative quantum system exactly through the
∗E-mail:mnakamur@hm.tokoha-u.ac.jp
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projection operator method(POM) with the constraint star-products[11]. Then, it
will been shown that the commutator algebra of the resultant system and the Hamil-
tonian hold the quantum corection terms due to the noncommutativity associated
to the constraint opetator G(x). Such a noncommutativity will yield the compli-
cated structure in the commutator algebra on a curved space and the projection of
Hamiltonian. Then, in this paper, the canonical structure on a curved space will be
constructed within the 1st-order approximation with respect to both of h¯, that is,
the Dirac-bracket quantization[12], and noncommutativity-parameters.
This paper is organized as follows. In Sect.2, we propose the Lagrangian with the
dynamical constraint and construct the initial unconstraint quantum system, which
we denote S. In Sect.3, we construct the the resultant constraint quantum system,
which we denote S∗. In Sect.4, the discussion and the some concluding remarks are
given.
2 Initial Hamiltonian System
We here propose the first-order singular model Lagrangian describing the noncom-
mutative quantum system constrained to the curved space. Following the canonical
quantization formulation for constraint systems[8, 12], then, we shall construct the
unconstraint quantum system S.
2.1 Noncommutativity Matrix Θ, Ξ
Let Θ and Ξ be the totally antisymmetric matrices defined as follows:
Θ = θε, Ξ = ηε, (2.1)
where θ is the constant parameter describing the noncommutativity of coordinates
and η, that of momenta, and ε is the completely antisymmetric tensor defined as
εij = 1 (i > j), εji = −εij (i, j = 1, · · · , N). (2.2)
These matrices satisfy
ΘΞ = ΞΘ, (ΘΞ)t = ΘΞ. (2.3)
In terms of Θ and Ξ, then, the following matrices are defined:
G = ΘΞ = ΞΘ,
M = I +
1
4
G, M¯ = I −
1
4
G,
(2.4)
which are symmetric and commutable with Θ, Ξ, and therefore become commutable
with each other. Then, there exist the inverses M−1 and M¯−1, which also satisfy
the same properties as M , M¯ .
2
2.2 Construction of Initial Hamitonian System S
Consider the dynamical system described by the first-order singular Lagrangian
L
L = L(x, x˙, v, v˙, λ, λ˙)
= x˙iM¯ijvj −
1
2
v˙iΘ
ijvj −
1
2
x˙iΞijx
j −
1
2
vivi − λG˙(x).
(2.5)
where x = (x1, · · · , xi · · · , xN), v = (v1, · · · , vi, · · · , vN) and G˙(x) = x˙
iGi(x)
†
Following the canonical quantization formulation for constraint systems[11, 12],
then, the initial unconstraint quantum system S = (C,A(C), H(C),K) is obtained
as follows:
i) Initial canonically conjugate set C
C = {(xi, pxi ), (vi, p
i
v), (λ, pλ)|i = 1, · · · , N}, (2.6)
which obeys the commutator algebra A(C):
[xi, pxj ] = ih¯δ
i
j , [vi, p
j
v] = ih¯δ
j
i , [λ, pλ] = ih¯, (the others) = 0, (2.7)
ii) Initial Hamiltonian H
H = {µi(1), φ
(1)
i }+ {µ
i
(2), φ
(2)
i }+ {µ(3), φ
(3)}+
1
2
vivi, (2.8)
where φ(n), (n = 1, · · · , 3) are the constraint operators corresponding to the primary
constraints φ(n) ≈ 0 due to the singularity of the Lagrangian L, which are given by
φ(1)i = M¯ijvj − p
x
i −
1
2
Ξijx
j − λGi(x),
φ(2)i = p
i
v +
1
2
Θijvj ,
φ(3) = pλ,
(2.9)
and µi(1), µ
i
(2) and µ(3) are the Lagrange multiplier operators.
iii) Consistent set of constraints
Let h(1)i , h
(2)
i be
h(1)i = M¯
∗
ijvj
h(2)i = −Ξ
∗
ijvj,
(2.10)
†For any operator X(x, v), in this paper, we shall represent ∂xi1 · · · ∂
x
in
∂j1v · · · ∂
jm
v X(x, v) with
Xj1···jmi1···in (x, v), as far as no ambiguities, where ∂
x
i = ∂/∂x
i, ∂iv = ∂/∂vi.
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respectively.‡ From the consistency conditions for the time evolusions of constraint
operators, then, the consistent set of constraints, K, becomes as follows:
K = {φ(1)i , φ
(2)
i , φ
(3), ψ(1)}, (2.11)
where
ψ(1) = Gi(x)h
(1)
i = M¯
∗
ijGi(x)vj , (2.12)
which is the constraint operator corresponding to the secondary constraint. The
Lagrange multiplier operators, µi(1), µ
i
(2) and µ(3) are given by
µi(1) = Θ
∗
ijGj(x)µ(3) − h
(1)
i ,
µi
(2)
= M¯∗ijGj(x)µ(3) − h
(2)
i ,
µ(3) = (h
(1)
i ∂
x
i ψ
(1)(x, v)− h(2)i ∂
i
vψ
(1)(x, v))/h(3),
(2.13)
where
h(3) = Θ∗ij(∂
x
i ψ
(1)(x, v))Gj(x)− M¯
∗
ij(∂
v
i ψ
(1)(x, v))Gj(x). (2.14)
The consistent set of constraints, K, obeys the commutator algebra A(K):
[φ(1)i , φ
(1)
j ] = ih¯Ξij , [φ
(1)
i , φ
(2)
j ] = ih¯M¯ij ,
[φ(2)i , φ
(2)
j ] = ih¯Θ
ij , [φ(1)i , φ
(3)] = −ih¯Gi(x),
[φ(1)i , ψ
(1)] = ih¯Gij(x)M¯
∗
jkvk,
[φ(2)i , ψ
(1)] = −ih¯M¯∗ijGj(x), (the others) = 0.
(2.15)
Thus, we have constructed the initial quamtum system S.
3 The resultant Constraint Quantum System S∗
Starting with the initial system S, we shall construct the constraint quantum
system S∗, which satisfies K = 0, through the star-product quantization formalism
of POM[11]. As well as in our previous work[2], this can be accomplished through
the successive projections of the initial system.
For this purpose, we classify K into the following two subsets :
K = K(A) ⊕K(B) with K(A) = {φ(1), φ(2)}, K(B) = {φ(3), ψ(1)}, (3.1)
and let Pˆ(1) be the projection operator associated to the subset K(A), that is,
Pˆ (1)K(A) = 0, and Pˆ(2), that associated to the subset K(B). From the structure of the
‡For any N ×N matrix A, A∗ = M−1AM−1. Especially, Θ∗ij =M
−1ΘijM−1.
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commutator algebra (2.15), then, the successive projections of S can be uniquely
carried out throuhg the following process:
Pˆ (1)K(A) = 0→ Pˆ (2)K(B) = 0, (3.2)
and, the successive projections of the operators of S are carried out through the
following diagram:
C −→ C(1) = Pˆ (1)C −→ C(2) = Pˆ (2)C(1). (3.3)
3.1 Projection process Pˆ (1)K(A) = 0
Through the projection process Pˆ (1)K(A) = 0, the projected system becomes the
noncommutative quantum system with Following the POM[11], we first construct
the ACCS (associated canonically conjugate set) Zα(= ξi(α = i), pii(α = i+N); i =
1, · · · , N) of the projection operator Pˆ (1). From the commutator algebra A(K),
{ξ(1)i , pi
(1)
i } satisfy
ξi −
1
2
Ξijpij = φ
(1)
i ,
pii +
1
2
Θijξj = φ
(2)
i .
(3.4)
Then, ξ(1)i and pi
(1)
i are given as follows:
ξ(1)i =M
−1
ij (φ
(1)
j +
1
2
Ξjkφ
(2)
k ),
pi(1)i =M
−1
ij (φ
(2)
j −
1
2
Θjkφ(1)k ),
(3.5)
which obey the commutator algebra
[ξ(1)i , pi
(1)
j ] = ih¯δij , [ξ
(1)
i , ξ
(1)
j ] = [pi
(1)
i , pi
(1)
j ] = 0,
[Zα, Zβ] = ih¯J
αβ = ih¯
(
O I
−I O
)
αβ
with
{
I : N ×N unit matrix
O : N ×N zero matrix
(3.6)
and satisfy
Pˆ (1)Pˆ (1) = Pˆ (1), Pˆ (1)Zα = 0, Pˆ
(1)Zˆ(+)α = Zˆ
(−)
α Pˆ
(1) = 0. (3.7)
From (2.9), (3.5) and (3.7), Pˆ (1) satisfies the projecion conditions
Pˆ (1)φ(1)i = M¯ijPˆ
(1)vi − Pˆ
(1)pxi −
1
2
ΞijPˆ
(1)xj − λPˆ (1)Gi(x) = 0,
Pˆ (1)φ(2)i = Pˆ
(1)piv +
1
2
ΘijPˆ (1)vj = 0.
(3.8)
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The hyper-operator Ωˆ(1)ηζ for K
(A) in the star-product formulation[11] is given as
follows:
Ωˆ(1)ηζ = J
αβZˆ (1)(−)α (η)Zˆ
(1)(−)
β (ζ) = ξˆ
(1)(−)
i (η)pˆi
(1)(−)
i (ζ)− pˆi
(1)(−)
i (η)ξˆ
(1)(−)
i (ζ), (3.9)
The operations of ξˆ(1)(−) and pˆi(1)(−) on C are presented in Appendix A.
Then, the projected quantum system S(1) is given by
S(1) = (C(1),A(C(1)), H (1),K(1)), (3.10a)
where
C(1) = Pˆ (1)C, H (1) = Pˆ (1)H, K(1) = Pˆ (1)K. (3.10b)
3.1.1 Projected CCS C(1)
Under operation of Pˆ (1) on S, the initial CCS, C, is projected out to C(1) as follows:
C(1) = C{(Pˆ (1)x, Pˆ (1)px), (Pˆ (1)v, Pˆ (1)pv), (Pˆ
(1)λ, Pˆ (1)pλ)}
≡ {xi, pxi , vi, p
i
v, λ, pλ|i = 1, · · · , N},
(3.11)
which satisfies the projection conditions
M¯ijvi − p
x
i −
1
2
Ξijx
j − λGi(x)
(1) = 0,
piv +
1
2
Θijvj = 0,
(3.12)
where§
Gi(x)
(1) = Pˆ (1)Gi(x). (3.13)
3.1.2 Commutator algebra of C(1)
The commutator algebra of C(1), A(C(1)), is obtained through the constraint star-
product formulation in POM. Taking account of the quantum corrections in the com-
mutator algebra, which are missed in the usual approach with Dirac-bracket quan-
tization formalism, we shall classify A(C(1)) into the following three sub-algebras.
Commutator algebra (I):
[xi, xj ] = ih¯Θ∗ij , [x
i, vj] = ih¯M¯∗ij ,
[vi, vj ] = ih¯Ξ
∗
ij, [λ, pλ] = ih¯,
[xi, pλ] = −ih¯Θ
∗
ikGk(x)
(1), [vi, pλ] = ih¯M¯
∗
ikGk(x)
(1),
(3.14a)
§For any operator F (x, v)(∈ C), F (x, v)(1) = Pˆ (1)F (x, v), as far as no ambiguities.
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which is constructed with the star-product commutator formulas[11]. From the
projection conditions (3.12), then, the following commutator algebras are obtained.
Commutator algebra (II):
[xi, pjv] = ih¯
1
2
(M¯Θ)∗ij , [vi, p
j
v] = ih¯
1
2
G∗ij , [p
i
v, p
j
v] = −ih¯
1
4
(GΘ)∗ij,
[xi, pxj ] = ih¯(I −
1
2
G∗)ij − ih¯λΘ
∗
ikGkj(x)
(1),
[vi, p
x
j ] = ih¯
1
2
(ΞM¯)∗ij + ih¯λM¯
∗
ikGkj(x)
(1),
[pxi , p
j
v] = ih¯
1
4
(M¯G)∗ij − ih¯
1
2
λGik(x)
(1)(M¯Θ)∗kj,
[piv, pλ] = −ih¯
1
2
(ΘM¯)∗ikGk(x)
(1).
(3.14b)
Commutator algebra (III):
The commutator of px’s and that between px and pλ are given, in the following
forms, respectively:
[pxi , p
x
j ] = ih¯C
(pxpx)
ij + ih¯D
(pxpx)
ij ,
[pxi , pλ] = ih¯C
(pxpλ)
i + ih¯D
(pxpλ)
i ,
(3.14c)
where
C
(pxpx)
ij = −
1
4
(GΞ)∗ij +
1
2
λGik(x)
(1)G∗kj −
1
2
λG∗ikGkj(x)
(1) + λ2Θ∗kl {Gik(x)
(1), Gjl(x)
(1)},
C
(pxpλ)
i = −
1
2
G∗ikGk(x)
(1) + λΘ∗kl {Gik(x)
(1), Gl(x)
(1)}.
(3.15)
The commutator algebras (I), (II) and the terms C
(pxpx)
ij , C
(pxpλ)
i in (III) are shown
to be equivalent to those due to the Dirac-bracket quantiztion procedure[12, 13].
On the other hand, the rest terms D
(pxpx)
ij , D
(pxpλ)
i in (III) are the quantum cor-
reection terms which are presented in AppendixB. Then, it should be noticed that
these correction terms are completely missed in the usual approach with the Dirac-
bracket quantization formalism. We shall present the Dirac brackets corresponding
to A(C(1)) in Appendix C.
3.1.3 Projection of Hamiltonian
Taking account of (3.4) and (3.7), the projected Hamiltonian H (1) = Pˆ (1)H is
given in the following form:
H (1) =
1
2
vivi + {(µ(3)(x, v))
(1), φ(3)}+ U (Q), (3.16)
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where U (Q) is the quantum correction term due to the projection of {(µ(3)(x, v)), φ
(3)},
which is presented in Appendix B.
3.1.4 Projection of K
From Pˆ (1)φ(1)i = Pˆ
(1)φ(2)i = 0, the projection of K with Pˆ
(1) becomes
K(1) = Pˆ (1)K = Pˆ (1)K(B) = {Pˆ (1)φ(3), Pˆ (1)ψ(1)}
≡ {φ(3), ψ(1)},
(3.17)
where
φ(3) = Pˆ (1)pλ = pλ,
ψ(1) = Pˆ (1)(M¯∗ijGi(x)vj) = M¯
∗
ij {Gi(x)
(1), vj}.
(3.18)
Then, the commutator algebra A(K(1)) becomes as follows:
[ψ(1), φ(3)] = ih¯(M¯∗)2ij {Gi(x)
(1), Gj(x)
(1)} − ih¯M¯∗ij {Θ
∗
kl {Gik(x)
(1), Gl(x)
(1)}, vj}
− ih¯M¯∗ij {C
(Q)
i (x), vj},
(3.19)
where C (Q)i (x) is the quantum correction term completely missed in the usual Dirac-
bracket quantiztion, which is presented in Appendix B.
3.2 Projection process Pˆ (2)K(B) = 0
The projection process Pˆ (2)K(B) = 0 yields the quantum system S∗, which is con-
strained on the curved space G(x) = 0.
Due to the noncommutativity among operators of x, there will appear the exremely
complicated quantum effect terms in the commutator algebra and operator porducts
through the projection process. So, we shall invetigate here the noncommutative
quantum system constrained to the curved space within the first order approxi-
mation about h¯, that is, the Dirac-bracket quantization procedure, and then, the
primary approximation about the noncommutativity-parameters θ, η†† will be also
taken .
3.2.1 Dirac-bracket algebra of C(2)
Let ϕ(1), ϕ(2) be
ϕ(1) = ψ(1),
ϕ(2) = φ(3),
(3.20)
††We shall express these parameters with ζ(= {θ, η}) collectively.
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respectively. From (3.19) and (3.20), the Poisson bracket between ϕ(1) and ϕ(2) on
C(1) is given as follows:
[ϕ(1), ϕ(2)](1)
PB
=W(x) +O(ζ2), (3.21)
where
W(x) = G(x)(1 − G−1(x)ΘijGik(x)Gj(x)vk) (3.22)
with G(x) = Gi(x)Gi(x).
According to the iterative property of Dirac bracket[13], now, the Dirac bracket
for C(2), [X, Y ](2)
DB
(X, Y ∈ C(1)), is defined as follows:
[X, Y ](2)
DB
= [X, Y ](1)
DB
−[X, ϕ(n)](1)
DB
W−1(x)
(
0 −1
1 0
)(nm)
[ϕ(m), Y ](1)
DB
(n,m = 1, 2),
(3.23)
where W−1(x) is the inverse of W(x),
W−1(x) = G−1(x)(1 + G−1(x)ΘijGik(X)Gj(x)vk) +O(ζ
2). (3.24)
Under the Dirac bracket (3.23), the CCS C(1) is transferred to C(2),
C(2) = {xi, vi, λ|i = 1, · · · , N}
with pxi = vi −
1
2
Ξijx
j − λGi(x),
piv = −
1
2
Θijvj , pλ = 0.
(3.25)
Then, the Dirac-bracket algebra of C(2), which is denoted by A(2)
D
, is represented
as follows:
[xi, xj ](2)DB = Θ
ij +D
(xx)
ij ,
[xi, vj ]
(2)
DB
= Pij(x) +D
(xv)
ij ,
[vi, vj ]
(2)
DB
= G−1(x)(Gik(x)Gj(x)−Gi(x)Gjk(x))vk + Ξij +D
(vv)
ij ,
[xi, λ](2)
DB
= −G−1(x)Gi(x) +D
(xλ)
i
[vi, λ]
(2)
DB
= G−1(x)Gij(x)vj +D
(vλ)
i ,
(3.26)
where
Pij(x) = δij − G
−1(x)Gi(x)Gj(x), (3.27)
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D
(xx)
ij = G
−1(x)(Gi(x)Θ
jkGk(x)−Θ
ikGk(x)Gj(x)),
D
(xv)
ij = −G
−2(x)Gi(x)Gj(x)Θ
klGks(x)Gl(x)vs − G
−1(x)Θik(Gkl(x)Gj(x)−Gk(x)Gjl)vl,
D
(vv)
ij = −G
−1(x)(ΞikGk(x)Gj(x)−Gi(x)ΞjkGk(x))
+G−2(x)(Gik(x)Gj(x)−Gi(x)Gjk(x))Θ
lmGln(x)Gm(x)vkvn,
D
(xλ)
i = −G
−1(x)ΘijGjk(x)vk − G
−2(x)Gi(x)Θ
jkGk(x)Gjl(x)vl,
D(vλ) = −G−1(x)ΞijGj(x) + G
−2(x)Gij(x)Θ
klGlm(x)Gl(x)vjvm.
(3.28)
Within the 1st-order approximation about h¯ and the noncommutativity- param-
eters, the commutator algebra for C(2) is defined as
[X, Y ](2) = ih¯([X, Y ](2)
DB
)(sp), (3.29)
where ( )(sp) expresses the symmetrized product of vi with any operator O(x), for
examle,
(G−2(x)Gij(x)Θ
klGlm(x)Gl(x)vjvm)(sp) = {G
−2(x)Gij(x)Θ
klGlm(x)Gl(x), vjvm}.
(3.30)
The Dirac brackets with respect to pxi and p
i
v are estimated from the projection
conditions (3.25) and the Dirac-bracket algebra (3.26) in the following way. The
Dirac bracket[xi, pxj ]
(2)
DB is obtained as follows:
[xi, pxj ]
(2)
DB
= [xi, vj −
1
2
Ξjkx
k − λGj(x)]
(2)
DB
= δij − λΘ
ikGkj(x) + G
−1(x)ΘikGk(x)Gjl(x)vl
−λG−1(x)(Gi(x)Θ
klGl(x)Gkj(x)−Θ
ikGk(x)Gl(x)Glj(x)).
(3.31a)
Similarly,
[vi, p
x
j ]
(2)
DB = −G
−1(x)Gi(x)Gjkvk + λGij(x)− λG
−1(x)Gi(x)Gk(x)Gkj(x)
+
1
2
Ξij +
1
2
G−1(x)Gi(x)ΞjkGk(x)− G
−2(x)Gi(x)Gjk(x)Θ
lmGln(x)Gmvnvk
−λG−1(x)(Gi(x)Θ
kmGkj(x)Gml(x)−Gil(x)Θ
kmGm(x)Gkj(x))vl
+λG−2(x)Gi(x)Gk(x)Gkj(x)Gl(x)Θ
lmGms(x)vs,
(3.31b)
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[λ, pxj ]
(2)
DB
= −G−1(x)Gjk(x)vk − λG
−1(x)Gjk(x)
+
1
2
G−1(x)ΞjkGk(x) + G
−2(x)Gjk(x)Gl(x)Θ
lmGmn(x)vnvk
−λG−1(x)Gjk(x)Θ
klGlm(x)vm − λG
−2(x)Gjk(x)Gk(x)Θ
lmGm(x)Gln(x)vn.
(3.31c)
Then, the Dirac bracket [pxi , p
x
j ]
(2)
DB is obtained in the following way:
[pxi , p
x
j ]
(2)
DB = [vi −
1
2
Ξikx
k − λGi(x), p
x
j ]
(2)
DB
= λG−1(x)(Gik(x)Gjl(x)−Gjk(x)Gil(x))Θ
lmGm(x)vk
+λ2G−2(x)(Gik(x)Gjl(x)−Gjk(x)Gil(x))Gk(x)Θ
lmGm(x).
(3.32)
From the Dirac brackets (3.26), then, it is shown that the Dirac-bracket algebra
A(2)D contains the Dirac-bracket algebra of noncommutative system and that on the
curved space.
Thus, we have constructed the constraint quantum system
S∗ = (C∗,A(C∗), H∗), (3.33)
where C∗ = C(2) and
H∗ =
1
2
{vi, vi}. (3.34)
Then, it is proved that S∗ satisfies the constraint condition G˙(x) = 0 in the following
way:
From (3.26),
[G(x), vi]
(2)
DB
= Gj(x)[x
j , vi]
(2)
DB
= 0, (3.35)
therefore
G˙(x) = [G(x), H∗](2)DB = {[G(x), vi]
(2)
DB, vi} = 0. (3.36)
4 Concluding remarks
Starting with the first-order singular Lagrangian containing the term associated to
the dynamical constraint, we have at first constructed the noncommutative quantum
system S(1) in the form including all-orders of the noncommutativity- parameters and
h¯. Then, it has been shown that the commutator algebra A(S(1)) and the projected
Hamiltonian H (1) contain the quantum correction terms due to the extreme noncom-
mutativity among the operators Gi(x) associated to the dynamical constraint, which
are completely missed in t he usual approach with the Dirac-baracket quantization.
We have next constructed the constraint quantum system S∗ within the first-orders
of the noncommutativity-parameters and h¯. It has been shown that the commutator
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algebra A(C∗) with the dynamical constraint does not conserve the canonically con-
jugate commutation relations, although those, conserved in the commutative case[2].
The exact construction of the noncommutative quantum system on a curved space
will be the next task.
Appendix
A Operations of ACCS(1)
ξˆ
(1)(−)
k xi =M
−1
ki , pˆi
(1)(−)
k x
i = −
1
2
(M−1Θ)ki,
ξˆ
(1)(−)
k p
x
i = −
1
2
(M−1Ξ)ki − λM
−1
kl Gli(x),
pˆi
(1)(−)
k p
x
i =
1
4
(M−1G)ki +
1
2
λ(M−1Θ)klGli(x),
ξˆ
(1)(−)
k vi = −
1
2
(M−1Ξ)ki, pˆi
(1)(−)
k vi = −M
−1
ki ,
ξˆ
(1)(−)
k p
i
v =M
−1
ki , pˆi
(1)(−)
k p
v
i =
1
8
(M−1ΘG)ki,
ξˆ
(1)(−)
k λ = 0, pˆi
(1)(−)
k λ = 0,
ξˆ
(1)(−)
k pλ = −M
−1
kl Gl(x), pˆi
(1)(−)
k pλ =
1
2
(M−1Θ)klGl(x).
(A1)
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B Quantum Corrections in Projected System S (1)
B.1 Quantum Corrections in Commutator Algebra A(C(1))
Through the sar-product formulation of POM[11], the commutator algebra (III)
is represented in the following way:
[pxi , p
x
j ] = [p
x
i , p
x
j ]
(1)
⋆
= −
ih¯
4
(GΞ)∗ij +
ih¯
2
λ(Gik(x)
(1)G∗kj −G
∗
ikGkj(x)
(1)) + ih¯λ2Θ∗kl {Gik(x)
(1), Gjl(x)
(1)}
+ih¯λ2

 ∞∑
n=1
(−1)n
(2n+ 1)!
A2n+1
(
h¯
2
)2n
(Θ∗kl)
2n+1 {Gik1···k2n+1(x)
(1), Gjl1···l2n+1(x)
(1)}
+
∞∑
n=0
(−1)n
(2n + 2)!
B2n+2
(
h¯
2
)2n+2
(Θ∗kl)
2n+2(1/ih¯)[Gik1···k2n+2(x)
(1), Gjl1···l2n+2(x)
(1)]


(B1)
and
[pxi , pλ] = [p
x
i , pλ]
(1)
⋆
= −
ih¯
2
G∗ikGk(x)
(1) + ih¯λΘ∗kl {Gik(x)
(1), Gl(x)
(1)}
+ih¯λ

 ∞∑
n=1
(−1)n
(2n+ 1)!
A2n+1
(
h¯
2
)2n
(Θ∗kl)
2n+1 {Gik1···k2n+1(x)
(1), Gl1···l2n+1(x)
(1)}
+
∞∑
n=0
(−1)n
(2n+ 2)!
B2n+2
(
h¯
2
)2n+2
(Θ∗kl)
2n+2(1/ih¯)[Gik1···k2n+2(x)
(1), Gl1···l2n+2(x)
(1)]


(B2)
with (Θ∗ij)
n = Θ∗i1j1 · · ·Θ
∗
injn
, where
A2n+1 =
n∑
m=0
2n+1C2m, B2n+2 =
n∑
m=0
2n+2C2m+1
with the binomial coefficient nCm = n!/((n−m)!m!).
Thus, the quantum correction terms D
(pxpx)
ij and D
(pxpλ)
ij are given as
D
(pxpx)
ij = λ
2
∞∑
n=1
(−1)n
(2n+ 1)!
A2n+1
(
h¯
2
)2n
(Θ∗kl)
2n+1 {Gik1···k2n+1(x)
(1), Gjl1···l2n+1(x)
(1)}
+λ2
∞∑
n=0
(−1)n
(2n+ 2)!
B2n+2
(
h¯
2
)2n+2
(Θ∗kl)
2n+2(1/ih¯)[Gik1···k2n+2(x)
(1), Gjl1···l2n+2(x)
(1)],
(B3)
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D
(pxpλ)
i = λ
∞∑
n=1
(−1)n
(2n+ 1)!
A2n+1
(
h¯
2
)2n
(Θ∗kl)
2n+1 {Gik1···k2n+1(x)
(1), Gl1···l2n+1(x)
(1)}
+λ
∞∑
n=0
(−1)n
(2n+ 2)!
B2n+2
(
h¯
2
)2n+2
(Θ∗kl)
2n+2(1/ih¯)[Gik1···k2n+2(x)
(1), Gl1···l2n+2(x)
(1)].
(B4)
B.2 Quantum Corrections in Projected Hamiltonian H (1)
The projection of {µ(3)(x, v), φ
(3)} in H is obtained with the star-product for-
mulation for the symmetrized product[11] as follows:
Pˆ (1) {µ(3)(x, v), φ
(3)} = Pˆ (1) {µ(3)(x, v), pλ} = {µ(3)(x, v), pλ}Pˆ⋆
= {(µ(3)(x, v))
(1), φ(3)}+ U (Q)S + U
(Q)
C ,
(B5)
where
U (Q)S = −
∞∑
(n+m6=0)
n,m=0
(−1)n+m
(2n)!(2m)!
(
h¯
2
)2n+2m
(Θ∗ij)
2n(M¯∗kl)
2m
× {(µk1···k2m(3)i1···i2n(x, v))
(1), Gj1···j2nl1···l2m(x)
(1)}
−
(
h¯
2
)2 ∞∑
n,m=0
(−1)n+m
(2n+ 1)!(2m+ 1)!
(
h¯
2
)2n+2m
(Θ∗ij)
2n+1(M¯∗kl)
2m+1
× {(µ
k1···k2m+1
(3)i1···i2n+1
(x, v))(1), Gj1···j2n+1l1···l2m+1(x)
(1)}
(B6)
and
U (Q)C = −
(
h¯
2
)2 ∞∑
n,m=0
(−1)n+m
(2n+ 1)!(2m)!
(
h¯
2
)2n+2m
(Θ∗ij)
2n+1(M¯∗kl)
2m
×(1/ih¯)[(µk1···k2m(3)i1···i2n+1(x, v))
(1), Gj1···j2n+1l1···l2m(x)
(1)]
+
(
h¯
2
)2 ∞∑
n,m=0
(−1)n+m
(2n)!(2m+ 1)!
(
h¯
2
)2n+2m
(Θ∗ij)
2n(M¯∗kl)
2m+1
×(1/ih¯)[(µ
k1···k2m+1
(3)i1···i2n
(x, v))(1), Gj1···j2nl1···l2m+1(x)
(1)]
(B7)
with (M¯∗ij)
n = M¯∗i1j1 · · · M¯
∗
injn
.
Then, the quantum correction term U (Q) is given with
U (Q) = U (Q)
S
+ U (Q)
C
. (B8)
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B.3 Quantum Correction in A(K(1))
The commutation relation between ψ(1)(= Pˆ (1)ψ(1)) and φ(3)(= Pˆ (1)(φ(3)) in C(1) is
obtained in the following way:
[ψ(1), φ(3)] = [M¯∗ij {Gi(x)
(1), vj}, pλ] = −[M¯
∗
ij {Gi(x)
(1), vj}, G(x)
(1)]
= −([M¯∗ij {Gi(x), vj}, G(x)])
(1)
= ih¯((M¯∗)2ijGi(x)
(1)Gj(x)
(1) − M¯∗ijΘ
∗
kl { {Gik(x)
(1), Gl(x)
(1)}, vj})
−ih¯M¯∗ij {
∞∑
n=1
(−1)nA2n+1
(2n+ 1)!
(
h¯
2
)2n
(Θ∗kl)
2n+1 {Gik1···k2n+1(x)
(1), Gl1···l2n+1(x)
(1)}, vj}
−ih¯M¯∗ij {
(
h¯
2
)2 ∞∑
n=0
(−1)nB2n+2
(2n+ 2)!
(
h¯
2
)2n
(Θ∗kl)
2n+2(1/ih¯)[Gik1···k2n+2(x)
(1), Gl1···l2n+2(x)
(1)], vj}.
(B9)
Thus, the quantum correction C (Q)i (x) is given by
C (Q)i (x) =
∞∑
n=1
(−1)nA2n+1
(2n+ 1)!
(
h¯
2
)2n
(Θ∗kl)
2n+1 {Gik1···k2n+1(x)
(1), Gl1···l2n+1(x)
(1)}
+
(
h¯
2
)2 ∞∑
n=0
(−1)nB2n+2
(2n+ 2)!
(
h¯
2
)2n
(Θ∗kl)
2n+2(1/ih¯)[Gik1···k2n+2(x)
(1), Gl1···l2n+2(x)
(1)].
(B10)
C Dirac-bracket algebra corresponding to A(C (1))
In this Appendix, the Dirac-bracket algebra corresponding to the commutator
algebra A(C(1)), which we shall represent with A(1)
D
, are presented.
The Poisson brackets about K(A) are
[φ(1)i , φ
(1)
j ]PB = Ξij , [φ
(1)
i , φ
(2)
j ]PB = M¯ij , [φ
(2)
i , φ
(2)
j ]PB = Θ
ij , (C1)
where [ , ]PB is the Poisson bracket defined on C.
Let the matrix W be
W
(nm)
ij =

 [φ(1)i , φ(1)j ]PB [φ(1)i , φ(2)j ]PB
[φ(2)i , φ
(1)
j ]PB [φ
(2)
i , φ
(2)
j ]PB

 =

 Ξij M¯ij
−M¯ij Θij

 (n,m = 1, 2).
(C2)
Then, the inverse W−1 is given by
(W−1)
(nm)
ij =

 Θ∗ij −M¯∗ij
M¯∗ij Ξ
∗
ij

 . (C3)
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The Dirac bracket [X, Y ](1)DB corresponding to [X
(1), Y (1)] is defined by
[X, Y ](1)
DB
= [X, Y ]PB − [X, φ
(n)
i ]PB(W
−1)
(nm)
ij [φ
(m)
j , Y ]PB. (C4)
Then, the Dirac-bracket algebra A(1)
D
is given with the same manner to A(C(1)) as
follows:
Dirac-bracket algebra (I):
[xi, xj ](1)DB = Θ
∗
ij, [x
i, vj ](1)DB = M¯
∗
ij ,
[vi, vj ]
(1)
DB
= Ξ∗ij, [λ, pλ]
(1)
DB
= 1,
[xi, pλ]
(1)
DB = −Θ
∗
ikGk(x), [vi, pλ]
(1)
DB = M¯
∗
ikGk(x),
(C5a)
Dirac-bracket algebra (II):
[xi, pjv]
(1)
DB
=
1
2
(M¯Θ)∗ij, [vi, p
j
v]
(1)
DB
=
1
2
G∗ij , [p
i
v, p
j
v]
(1)
DB
= −
1
4
(GΘ)∗ij,
[xi, pxj ]
(1)
DB
= (I −
1
2
G∗)ij − λΘ
∗
ikGkj(x), [vi, p
x
j ]
(1)
DB
=
1
2
(ΞM¯)∗ij + λM¯
∗
ikGkj(x),
[pxi , p
j
v]
(1)
DB
=
1
4
(M¯G)∗ij −
1
2
λGik(x)(M¯Θ)
∗
kj, [p
i
v, pλ]
(1)
DB
= −
1
2
(ΘM¯)∗ikGk(x).
(C5b)
Dirac-bracket algebra (III):
[pxi , p
x
j ]
(1)
DB
= −
1
4
(GΞ)∗ij +
1
2
λGik(x)G
∗
kj −
1
2
λG∗ikGkj(x) + λ
2Θ∗kl {Gik(x), Gjl(x)},
[pxi , pλ]
(1)
DB = −
1
2
G∗ikGk(x) + λΘ
∗
kl {Gik(x), Gl(x))},
(C5c)
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